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Abstract
The ground state multiplet structure for nuclei over the wide range
of mass number A was calculated in δ-approximation and different
mass relations for pairing energy was analysed in this work. Corre-
lation between the calculated multiplet structure and experimental
data offer a guideline in deciding between mass relations for nucleon
pairing.
PACS: 21.10.Dr, 21.30.Fe, 29.87.+g.
Introduction
The nucleon pairing in atomic nuclei leads to a systematic variation depend-
ing on the evenness or oddness of Z andN . The even-odd staggering (EOS) is
an estimate of the pairing energy of identical nucleons. It can be determined
from empirical masses of four [1] or five [2] adjacent isotopes:
∆(4)n (N) =
(−1)N
4
[−Sn(N + 1) + 2Sn(N)− Sn(N − 1)], (1)
∆
(5)
n (N) = 1/2[∆
(4)
n (N) + ∆
(4)
n (N + 1)] =
= (−1)N/8[−Sn(N + 2) + 3Sn(N + 1)− 3Sn(N) + Sn(N + 2)],
(2)
where Sn(N) = B(N) − B(N − 1) is neutron separation energy from the
nucleus (N,Z), and B(N) is the total nuclear binding energy. In (1) and
(2) for neutron EOS the proton number Z is fixed. Similar expressions (here
and after) for protons can be obtained by fixing the neutron number N and
replacement in the expressions N on Z.
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Much research is devoted to the evaluation the pairing and mean-field
contributions to the experimental EOS. In [3] the EOS estimation based on
the binding energies of three adjacent nuclei was suggested:
∆(3)n (N) =
(−1)N
2
[Sn(N)− Sn(N + 1)], (3)
and it was shown that the expression (3) for an odd neutron number ∆
(3)
n (N+
1) is the best approach to the nucleon pairing. This conclusion is consistent
with a direct definition of the pairing energy of two neutrons ∆nn as the
difference between the separation energy of the neutron pair Snn from the
nucleus (Z,N) and doubled separation energy of neutron Sn from nucleus
(Z,N − 1) [4]:
∆nn(N) = Snn(N)− 2Sn(N − 1) = Sn(N)− Sn(N − 1) = 2∆n(N − 1) (4)
The main objective of this study is to analyze the different EOS estimations
with another nucleon pairing manifestation, namely, the formation of ground
state multiplet (the distinctive set of levels in the spectrum of low-lying
excited states with JP = 0+, 2+, . . . J+max).
1 The seniority model
Analysis of EOS effect in different theoretical approaches is the subject of
many studies. Following [3], let us consider the expressions (1-4) in the
seniority model which describes the motion of N nucleons in the 2Ω-fold
degenerate shell. The energy eigenvalues in this model can be written in
terms of the particle number N and seniority v – the number of unpaired
nucleons:
E(N, v) = −
1
4
G(N − v)(2Ω− v −N + 2) (5)
where G is the pairing parameter, 2Ω = 2j + 1, for even nucleon number
N = 2n seniority of ground state is v = 0, for odd nucleon number N = 2n+1
seniority of ground state is v = 1. In [3] the expression for EOS effect defined
by (3) is obtained:
∆(3)n (N) =
{
1
2
GΩ+ 1
2
G for N = 2n,
1
2
GΩ for N = 2n+ 1.
(6)
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Since this result does not depend on N , averagings (1) and (2) coincide in
the seniority model:
∆(5)n (N) = ∆
(4)
n (N) =
1
2
GΩ +
1
4
G, for N = 2n and N = 2n+ 1. (7)
Expressions for direct determination of pairing energy ∆nn (4) give the
smaller value than 2∆
(3)
n for even nucleon number:
∆nn(N) =
{
GΩ for N = 2n,
GΩ +G for N = 2n+ 1.
(8)
In this extreme case, the pairing value is ∆nn(N) = 2∆n(N + 1) and does
not explicitly depend on N .
2 Ground state multiplet
Nucleon pairing leads to a formation of low-lying exited states with even
spin values, so-called ground state multiplet (GSM). In the case of the pair
of identical nucleons over a double- closed shell the degeneracy of J 6= 0 levels
may be removed using the local δ-potential [5]. Energy levels of multiplet
with v = 2 can be found from the expression for relative energy shift:
∆EJ
∆E0
= (2j + 1)
(
j j J
1/2 −1/2 0
)2
, (9)
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Figure 1: Experimental spectra [9] and results of GSM calculation for 210Po
and 210Pb. Data for calculation ∆n and ∆p are from [8].
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the ground state energy shift relative to the position of degenerate levels
∆E0 is defined by pairing energy ∆NN [6]. Strictly speaking, this approach
is applicable to the nuclei with one pair of identical nucleons (holes) over a
magic core only, i. e. near the magic numbers. However, according to the
seniority model, multiplets of states with v = 2 coincide for any number of
nucleon pairs in the subshell. Indeed, as it was shown in the calculations of
isotopes and isotones chains near the magic numbers 20, 50, 82, 126 [7], in
filling of subshells with angular momentum 7/2 ≤ j ≤ 11/2 the position of
levels with J ≥ 4 can be obtained in the δ-approximation with ∆E0 = ∆nn =
2∆n. Thus, the correspondence between the calculated levels of GSM and
experimental data can be considered as a guideline for the nuclear pairing
estimation quality.
3 Results
Figure 1 shows the ground state multiplets in 210Po and 210Pb for a proton
(neutron) pair in the j = 9/2 state over the magic core 208Pb. It is seen that
use of pairing energy ∆nn (4) leads to systematic underestimation of GSM
levels energy, and use of EOS 2∆
(3)
n (3) gives an overestimation of GSM
levels energy. This result corresponds to the seniority model eqns. (8) and
а) б)
Figure 2: The results obtained for five-point pairing energy ∆E0 = 2∆
(5) a)
Linear approximation of compatibility between experimental and calculated
energy states in GSM excluding levels with 2+ (right). b) Deviation of cal-
culated levels from experimental ones as a function of J . Experimental data
are from [9].
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Table 1: The results of approximations of pairing energy estimation methods
for different sets of multiplet levels
J > 0 J > 2 J = Jmax
A σ A σ A σ
∆NN 0.991 0.621 1.045 0.550 1.163 0.560
2∆
(3)
N 0.751 0.902 0.799 0.749 0.849 0.608
2∆
(4)
N 0.863 0.647 0.914 0.498 0.991 0.278
2∆
(5)
N 0.871 0.634 0.923 0.488 1.004 0.246
(6). The employment of the average values 2∆
(4)
n (1) and 2∆
(5)
n (2) brings
theory and experiment into better agreement. In this way it was considered
about 50 even-even isotopes, which main configurations can be assumed as
one or several pairs of identical nucleons in a state with momentum j ≥ 7/2
over the closed core.
As the guideline of each calculation method the linear approximation of
correlation the experimental and calculated energy states of GSM was used:
Eexp = AEcalc. Figure 2, a) shows the example of approximation for 2∆
(5)
n .
Since in medium and heavy nuclei the low-lying energy levels with small
J , first of all with JP = 2+1 , has a collective interpretation, approximation
without states 2+ was considered. On Figure 2, b) the deviation of calculated
energies from experimental ones Ecalc − Eexp as a function of J is shown. It
is clear that the deviation decreases with increasing of J . As an limit case,
approximations for J = Jmax states were considered too.
The results are shown in the table 1. In the case of full multiplet the
value of A coefficient is closest to unit for ∆nn with a sufficiently high value
of the standard deviation σ. Without taking into account 2+ and for the
case of J = Jmax only, the doubled value of EOS effect based on masses of
five adjacent nuclei 2∆
(5)
n gives the best estimation of multiplet splitting.
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